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EFFECT OF PRCDUCT OF INERTIA (N TATERAT, STABILITY

By Leonard Sternfield
SUMMARY

A theorstical investigation was made to determine the effect
of the prcduct-of~inertia terms In the lateral equaticns of motlon
on the lateral-stebllity boundaries. The product of inertia
results from the inclination of the principal longltudinal axis of
the airplane to the flight path. ) v

The results of the calculations indicated that the product-
of-inertia terms should be included in the laterasl squations of
motion to determine the lateral stebility of an airplane. The
value of the dirsctional-steblility derivative an required for
stebllity, as determined from the calculations which Include the
preduct of inertia caused by the inclination of the principal
longitudinal axis above the flight path, is considerably less than
the value predicted by calculations neglscting the product-of-
inertia terms.

INTRODUCTION

Recent flight tests and tests in the Langley free-flight tunnel
indicated a dlscrepancy between the cobserved and calculeated conditions
Tor dynemic lateral stability. It was suggested that the dlscrepancy
might be the result of neglecting terms In the equations of motion
involving the product of inertia.

The theoretical investigations of the latersl stability of air-
planes undertaken In the past have for the most part neglected the
effect of the inclination of the principal longitudinal exis of the
airplene to the fiight path on the oscillatory~stability boundary.
(See references 1 to 3.) In the appendix of reference 1, Zimmerman
mentions that the results of supplementary celculations 1ndicated
that to neglect the angularity of the principal axis to the flight
path dld not seriously affect the oscillatory-stability boundary in
the normal-flight range and gave slightly conservative results. The
resulits of reference 1, consequently, are based on lateral equations
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of motion from which the effect of the Inclination of the principal
axis to the flight path sre omitted, namely, the terms including the
product of inertla.

For the range of alrplane parameters Investigated by Zlpmerman,
the product-of-lnertia terms prcobably have a small stabllizing
effect on the oscilletory-stablility boundary. However, the effect
or' product of Inerities on the resulta of stabllliy calculations
covering the range of parameters of present-day airplanes designed
for high-speed, high-altitude £light ~ that—1s, high values of the
relative~denslty fector u, a large lncrease in the effsctive-
diled:ral parameter CIB caused by the use of swept~back wings, and

the chenge in the mass distributlion of the airplane = has not been
Investligated.

In the present investigaetion, calculations were mede to determine
the eff'ect of the product of inertla on the requirements for lateral
stabllity. The resulits of the camputlations were plotted as & function
of the directional-stabllity derivative C,_ end the effective-

dihedral parameter C.Z - P
B
SYMBOLS

v alrspeed, fegt per second
o) -mags density of air, slugs per cublc foot
g dynamic pressure, pounds pser squars foot (%Fﬂé?
b ‘wing spen, feet |
S wing area, sguars feet B )
w weight of airplane, pounds
m mass, slugs {(W/g) - - -
e acceleratlion of gravity, feet per second per sscond
u relative-density factor (,Q_

oSh
kX radius of gyration about principal longitudinal axis, feet
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radius of gyraticn sbout principal normal axis, feet

moment-of ~inertla coefficlent about principal longi'bu_d:@_ria.l L
axis L e

moment-of «inertia coefficient about principsel normal axils
moment-of~inertia coefficient about flight-path axis

moment-of ~inertia coefficient about axis normal to flight
path

product-of-inertia coefficient wilth respect to flight path
and axis normal te Plight path ' '

1ift coefficient (X cos 7)

g8

rolling-moment coefficient (B_Q}algs_z_smi_om_e. nt : o
) q

yawing-moment coefficient (m.._._ré&S%M
g

lateral-force coefficient (LE@Q!‘.:%IQEQ_Q
q

angle of bank, radians

azimuth angle, radlens

angle of sideslip, radians ‘

yawing anguler veloclty, radisns per second (6.\}‘ Jat)

roiling engular veloclty, radisns per second (4f/dt)

effective-dihedrel der:\.va'bivé ; rate of chaﬁge of
-rolling-moment coefficient with angle of sideslip, -
per radien @C-&/BE.’:) ' - o ' |

directional-stabllity d-rivative, rate of changs of - _ -

yawing-moment coefficient with angle of sideslip,
per radian @Cn/aﬁ) o
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Cy lateral-force derivative, rate of change of lateral-force
“¢osfficient with angle of sideslip, por radian BCY/b) :
Cn damping in- yaw derivative, rate of chapnge of yawing-momsnt
* coefficient with yawing-angular-velocit,y factor,
per radian (BCn/BW) _

CZ damping-in- roll derivative, rate of _change of rolling-moment
P = . ccefficient with ro.:.ling-angular-velocity factor,
per redian (BCZ/ ) o
c, "'rla%é'—‘df change of yawing, moment“c’c?éfficient with rolling- o
P angular-ve_Locit:, factor, per radian (BC /BP.E)
C2 rate of change of rolling-mcment coaffiuient with yaw:!.ng- i
¥ angular-vélocity. f‘actor, per rac.ia.n (BC;/B?) i
Cy yate of cnange of ateral feres cosfficient with _rolling- . __
P angular-velocity factor, per radlan (BCY/OPP)
/ [
Cy -rdte of cha.nge of lateral-force coef*’ic;ent with ;_r;wing-_
r -
angular-velocity factor, per redian (\3(}!—/
t time, seconds S - I o . _15-1:
D Afrforential operatar (d/dt) _ ; -
‘engle of sweepback, degrees . - . = NEERT - |
1 angle of attack of principel longitudina] axis of airplana, '
poEitive when Trincipal axis is above rlight pat.h degrees
- (see £ig. 1) = =
V4 a.ngle of flight path to horizontal, nositive in a cl:[m‘b
~degrees {see fig- i) Cmie - s g
e LETne TR Seliae SR e
] angle ‘betwee:a 1'efereuce &xle and horizonta.l » positive when

re:rerence axis is above hcrizunta,_, deg:‘ees (Bee fi& l)
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€ angle between refsrence axls and principal axis, positive _
vhen reference axis-is ahove principal axias, degrees o
(see fig. 1) -

R "Routh's discriminant
EQUATINS OF MOTICN

The linearized equations of motion, referred to the axes in
figure 1, used to calculate the splral- and oscinatory—sta.'bility
boundaries for any £light condition, are:

Rolling

-

sinzf})De - Cz¢ D] ¢

T, coeen + T
[CRSSTES

) ’ C e e g

-~ - I sinncosﬁD2+C,Dw-Cé=O
L(IZO XO) z‘&f] [

Yawing

/1 °n + I 1211)132- . Dlw
(Zocos .Xosn Cn\V

5 : -
~{-(I, -I . sinncosnD*+C  Dif~-~C Rf=0
’_(ZO }Fo) n¢] nB

Sideslipping ‘

%&(Dv + DB) - (CL + Cy. D) (CL tan 'y + CY ) cYﬂg =.0 =5;::-.. _:
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where
mkxo2
1 =
Xo gbs
meOE
I =
2o gbs -

C,. = C Jl)
'Lw lr 2V, S
B Cnh = cnp(é% L

c..=¢ {2
1'.1.'4’f nr(gv

- oy = or (&) -

Cy TIf = CYI.<2%

The symbolsg IXO and IZO reprosent the moments of inertia about the

Principal axes of the airplans, If the longltudinal principal axis is
inclined at an engle 1 to the flight path, the moments of inertis
abc_-Et the flight-path axls and the azxis normal %o tl_l__e flight path are: _—

I = Iy cos®n + Iz, sin2n

Iz = Iz0 cosan_+ Ixo sin2y _ v

and the product of inertis is Ixy = _(Izo - IXO) 8in n cos . -

v
Ll
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for $ iIn the egnations written in determinant form, A must be a
rogt of the eguation

MErmd+ ol +m+rF o
whefc‘e

A= ’IXZQ g%& + IXIZ QJ{TQL

2b 2 2 b
B = ~TonC, S0 & T - ., 2bit . 2bu
X201 Ty xz Cry - Ixzlng 5 Ixcn* =

2b
-1, 2B ¢, . - TyIL0
z 5y g " Txlefyg
C = TyyCy Cye + Typ 2B ¢, 4+ I . + TxCy G-
3 x20ya0r g * Txz 555 Oo XZG‘!Bcn¢ XOy,Cny

.2 : 2 .
T g+ Ty ¢ B Oy - B o

- Ixzczéfns - 1ZGY¢C 19 - IxCy {Fan - IxzCy ‘}CIB

T - o - - 2
B = Trrlagln 7 T201,0n 7 Copln Oy = Gl =By
= + 0 -C C'+C'§-C-g£&-lclcttan7-IXC Cy, ten ¥

v g V. KT T g

= Cqy,C:Cp  + Cwalp,Cy +,c',cc - Cy.C.,C
Y¢ z\lr-nB CY¢n¢ 7.5 --nylﬁ_nﬂ G!,qr"n¢ 'LB

F= CLGIBC‘-‘{], - cz‘.ycnﬁ) +7Cg, ten 7 (cnﬁ'cza - cchnq.;)

When @.eM 18 substituted for ¢, ¥oert for ¥, and poert
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‘The condltions necessary to obtain the oscillatory-stabllity
beuwndary are that the coefficlents A, B, C, and E must be posltlve
and Routh's discriminent, R = BCE - AE? - B2F, must equal gzero.

The spiral-stebility boundary ls found by setting P =0, The
completely stable reglon is therefore bounded by the curves R = 0
end I' = 0, which are plotted as a function of the directional-
stablility derivative CnB and the effective-dihedral derivative CZB.

Stability Derivatives and Mess Characteristics

Calculations were mede showing the effect of the product-of-
inertia terms on the oscillatory-stability boundary for & hypothetical
supersgonic fighter alrplsne, an experimental fighter alrplane, and
a model flown in the Langley free-flight tunnel. The values of the
stability derivatives and mass characteristics of the two asirplanse
and the model are given in table I. The contribution of the tail
to the-derivatives Cn and CZ (see reference 2) was included

P
in the characteristics of the experimental fighter ailrplane and the
free-flight-turmel model but was neglected in the calculations of
the hyvothetlcal supersonlc fighter airplene. .

RESULTS AND DISCUSSION _

The results of the investigation are presented In & series of
flgures which show the oscillatory- and splral~stability boundaries
as a Fuoetlon of Cnﬁ—-and CzB. The solid R w O curve of figure 2
represents the oscillatory-stabillty boundary for landing flight.
for a hypothetical suporsonlc fightor airplene which has its
principal axis or fuselage inclined 5° sbove the flight path dut
the product of inertisa Iy, 18 assumed to be gero. The dashed

curve ir this Plgure is the R = O boundary for the same condition
with the product-of-inesrtia terms included in the equations of
motion. A ccemparison of both curves shows & large stabilizing shift

in the c¢scillatory-stability boundsry for the case in which the product

of Inertia is taken into account. As Cz is incressed, the value
of- C B ‘required for oscillatory stability as determined by the

calculations including IXZ is considerably less than the value
determinad by the calculations neglecting Iyy+ The spiral-

stability bowndary plotted in figure 2 and in subsequent figures
epplies ta both sets of calculations since this boundary 1e not a
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functlion of the product of inertie. This result does not mean,
however, that the rate of divergence or convergence of the spiral
motion will be the same inasmuch as the stability equation is
different in each case. The effect of Iyy on the R =

boundary for the same airplene in crulsing fllight is presented in
figure 3. The solld curve represents the case of the vrincipal
longitudinal axis inclined 20 either above or below the Flight path
but neglects the effect of Ixz. The other two R = 0 boundaries

that were calculated included the effect of product of inertia.
Por the cass in which the principal axls is inclined above the
flight path, Iyy = -0.00178, +the stable region is increased;

whereas for the case in which the principal axls is inclined below
the flight path, Igxy = 0.00178, the stable region is reduced.

The experimental fighter airplene and the free-flight-tunnel
model were testsd in flight with the principal axis inclinéd 16°
and 10°, respectively, above the Plight path. The initlal calcu-
lations made on the assumption that Iyy = O (the solid curves in

figs. & and 5) indicated that the airplane and model would be
unstable in flight for the combination of CnB and Glﬁ denoted by

the circled points in figures L4 and 5. The flight-test results,
however, showed that the experimental fighter airplane was stable"
and the free-Fflight-tunnel model was marginally steble. Subsequent
calculations which included the product-of-inertia terms indicated”
that the R = 0 boundary for the experimental fighter airplane
Increased the stable reglon to include the combination of - CnB

and CZB tested in flight and that the R = 0 boundary for the

free-flight-tuwnel model was shifted very close to the marginally
stable test point.

In general, the inclination of the principsel longitudinal axis
gbove the flight path causes a stabilizing shift in the oscillatory-
stability boundary but the extent of ths shift is a function of
other alrplane perameters which are still to be investigated.

The solid curves of figures 2 to 5 may be considered to
represent the R = 0 boundary for the actual flight conditions of
an alirplene which has its principal longitudinal axis in line with
the flight path (Ixz = 0) provided the wings are set at an angle

of inclidence to ths fuselage to obtain the 1ift coefficient desired
for flight. The dashed curve on each figure would, therefore,

represent the R = O boundary for the same f£light qonditions as the
solid curve but with the wings set at a different engle of incidence
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gince the principel axis is inclined to the flight path. I the
principal axils 1s inclined above the flight path, the angle of
incidence which corresponds to the dashed -curve is emaller then the
angle of incidence correspomding to the solid curve. If the
principal axis is inclined below the flight path, however, the wing
incidence ia. larger than the wing incldence of the airplane in which
the trincipal axis coincides with the flight path. For example,
the salid curve of figure 2 is the R = 0 boundary for an aijrpleme
with the wings set at en angle of 15° to the fuselage and the
principal axls in line with the flight paeth; whereas the dashed
curve s the R = 0 boundary for the same airplene with the wings
cet at a 10° angle of incidence and the principal axis inclined 59
avove the flight pathu In figure 3, the wing incidence is 7° for
the sclid curve, 5 for the case of the principal axis above the
flight path, and 9° for the case of the principal axis below the
flight path, The solid curves of figures 4 and 5 axe the R w O
boundaries for the airplane and model deslgned with a wing incidence
of 16° -ana 10° ; respectively; for both cases the das!=d curve
represents an airplane with a wing incldence of o° », This interpre~
tation applied to the solid curves of filgures 4 and 5 is only
approximately true since the angle of .attack at the tail is zero if
the wing is at 16° or 10° incidence end the principal axis coincides
with the line of flight; whereas the calculations include the effect
of the tail at an angle of attack of 16° and 10° on the stability
derivatives C and Cl

"o

A camperison of the solid and dashed curves in each figure
clearly indicates the increase in the oscillatory-stability region
for an airplane designed with a wing set at o° incidence, thereby
necessitating the inclination of the principal axis above the
flight path to obtain the desired 11ft coefficient.

CONCLUDING REMARKS

The results of the analysie made to investigate the effect of the
Product of imertia on the lateral-stability boundaries emphasize the
necossity of including the product—of-inertia terms in the lateral
equations of motion to determins the lateral stebllity of an alrplans.
The calculations indicate that the inclination of the principal
longltudinal axis sbove the flight path causes a stabilizing shift in
the oscillatory-stability boundary

Langley Memorial Aeronautica.l-. I.aboratory
Natlonal Advisory Committes.for Aerocnautics
- Langley Field, Va., August 13, 1946
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TABLX I
STABILITY DERIVATIVES AND MASS CHARACTERISTICS USED IN STABILITY CALCULATIONS -
Hypothetical supersonic Experimental fighter airplane] Free-~flight-tunnel model
fighter airplane
Condition Lending Cruising Landing Landing
W/3, 1b/sq £t 8o 8o 35 1.85 ¢
b, £t 20 20- 34 3.8
p, slugs/cu £ 0.00238 0.0002 0.00238 0400238
v, ft/sec 264 . 1465 173 o b
Cy, 1 0.372 1 0.8
u sk (=] 13 6.33
kxo’ £t . 2,02 2,02 5.28 0.5
ky , ft G .6k 9.6k 8.03 1.29
(~]
Gzp, per radlaa =0.197 ~0.197 .3 =017
c er radian 0.25 . 0.0929 0425 - 0. 0.142 = 0.099C,
¥ = - Mg (4a11) B(ta1l)
per radian -0.0198 ~0.00732 _ -0.029 - 0.0k -0.0406 - 0.095C.
! —_ - a(tail) g (ta11)
c r radiar -1.47C, ~1.47C, -0.086 - 0.858 -0.0131 - 1.2C
n 0 ' 7 (tat1) P (1ai1) "B (sa12) , By (rat1)
cY , per radiar o] ] o] [¢]
P Y-
Cy , per radian o 0 0 [¢]
r
per radian =1.3 «1.33C =0.4k3 ~ 2.3 =0.00Th ~ 1.76C,
O’ . “8(ta11) "B(ta11) Mag (ratn) Bp(tall)
g (ruse1age) ~0.25 -0.25 -0.02 o
per radian .=-—-
¥, deg V] o Q -9
A, deg 60 60 35 k2
- - EATTONAL ADVISORY
- COMMITTER FOR AERONAUTICS
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Figure £— Lateral-stability boundaries for landing flight for
hypothetical supersonic fighter airplane.
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Directional-stabilily derivative , Cp,

Frfective -dihed ral dervative’, €y,

Figure S.— Laferal-stabiiily boundaries for cruising flight for

hypothetfrcal supersonrc Fighter ainplane .
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Figure 4.— lateral-stabihify boundaries for landing flhght
for experimental fighter airplane .
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Figure J.— Lateral-stability boundaries for landing
tlight for free_—-flzghf—funnel model .
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